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A CLASS OF LORENTZIAN MANIFOLDS WITH
INDECOMPOSABLE HOLONOMY GROUPS
KORDIAN LA¨RZ
Abstract. We consider a class of S1-bundles whose total space admits
a nowhere vanishing recurrent lightlike vector field with respect to a
Lorentzian metric. This metric can be modified such that its restricted
holonomy group is indecomposable and reducible. We apply Hodge the-
ory to construct examples with Hermitian screen holonomy. Finally, we
construct complete pp-waves.
1. Introduction
For a Lorentzian manifold (X, g) of dimension n + 2 let Hol0(X, g) be
the connected component of its holonomy group. By Wu’s theorem [Bes87]
(X, g) is locally a product of semi-Riemannian manifolds if its holonomy
representation decomposes. Therefore, we may focus on Lorentzian mani-
folds with indecomposable restricted holonomy groups. In contrast to the
positive definite case Hol0(X, g) ⊂ SO0(1, n + 1) does not need to be irre-
ducible if it is indecomposable. In fact SO0(1, n + 1) is the only connected
irreducible subgroup of SO0(1, n + 1) (see [DSO01]).
The action of a reducible indecomposable subgroup of SO0(1, n + 1) on
R1,n+1 leaves a degenerate subspace W invariant and we get an invariant
lightlike line W ∩ W⊥. Under the action of Hol0(X, g) this corresponds
locally to a lightlike subbundle Ξ ⊂ TX of rank one which is spanned by
a non-vanishing recurrent lightlike vector field1. If v is a lightlike vector
in R1,n+1 spanning the invariant line, then Hol0(X, g) ⊂ Stab(R · v) ⊂
SO0(1, n+1). It can be shown that Stab(R · v) ∼= (R∗×SO(n))⋉Rn. If we
choose a basis (v, e1, . . . , en, z) of R
n+2 satisfying g(ei, ej) = δij , g(v, z) = 1
and g(v, v) = g(z, z) = 0 then the Lie algebra (R ⊕ so(n)) ⋉ Rn of (R∗ ×
SO(n))⋉Rn is given by


a wT 00 A −w
0 0 −a

 : a ∈ R, A ∈ so(n), w ∈ Rn

 .
Being a subalgebra of a compact Lie algebra the projection
g := prso(n)(h) ⊂ so(n)
is compact and therefore reductive. Hence, g = z(g)+ [g, g] where z(g) is the
center of g.
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1Here we say that a vector field V is recurrent if ∇·V = α⊗V for some 1-form α where
∇ is the Levi-Civita connection of (X, g).
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Theorem 1.1 (Be´rard-Bergery & Ikemakhen [BBI93], Leistner [Lei07]). Let
h be an indecomposable Lorentzian holonomy algebra.
(1) Then h belongs to one of the following types:
• Type 1: h = (R⊕ g)⋉Rn
• Type 2: h = g⋉Rn
• Type 3:
h =



ϕ(A) wT 00 A w
0 0 −ϕ(A)

 : A ∈ g, w ∈ Rn


where ϕ : g։ R is an epimorphism satisfying ϕ|[g,g] = 0.
• Type 4: There is 0 < ℓ < n such that Rn = Rℓ⊕Rn−ℓ, g ⊂ so(ℓ)
and
h =




0 ψ(A)T wT 0
0 0 0 −ψ(A)
0 0 A −w
0 0 0 0

 : A ∈ g, w ∈ Rℓ


for some epimorphism ψ : g։ Rn−ℓ satisfying ψ|[g,g] = 0.
(2) The projection g = prso(n)(h) is the holonomy algebra of a Riemann-
ian manifold. ⊔
All possible holonomy groups can be constructed by Lorentzian metrics
on Rn+2 (see [Gal06]). The problem to construct topologically nontrivial
examples with certain properties is largely open. A first approach has been
made in [BM08] where non-trivial globally hyperbolic examples of the form
X = R2 ×Mn have been derived. Recently, globally hyperbolic examples
for most Lorentzian holonomies have been found in [Baz09].
In this paper we study a class of Lorentzian metrics on the total space
of S1-bundles whose holonomy group is reducible but indecomposable. All
manifolds are assumed to be connected without boundary.
2. Lorentzian manifolds with indecomposable holonomy group
2.1. Global properties.
In the following let (X, g) be a Lorentzian manifold whose (full) holo-
nomy group is indecomposable and reducible. The screen bundle S of (X, g)
is defined as S = Coker(Ξ →֒ Ξ⊥). From ∇(X,g) we derive the induced
connection ∇S on S. Since Hol(X, g) ⊂ (R∗ × O(n)) ⋉ Rn we may de-
fine G := prO(n)(Hol(X, g)). It can be shown that Hol(S,∇S) = G and
hol(S,∇S) = g [AB08].
In order to study the geometry of (S,∇S) it is convenient to study a non-
canonical realization of S as a distribution in TX given by a non-canonical
splitting s of the exact sequence
0 // Ξ // Ξ⊥ // S
s
tt
// 0 .
Hence, we may define S := s(S). Since Ξ ⊂ S⊥ there is a uniquely defined
isotropic distribution Θ ⊂ S⊥ of rank one with the following property: If
V ∈ Γ(U ⊂ X,Ξ) then there exists Z ∈ Γ(U ⊂ X,Θ) such that g(V,Z) = 1.
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The Levi-Civita connection on (X, g) induces connections2 on the sub-
bundles Ξ and S given by
∇Ξ := prΞ ◦ ∇|Ξ and ∇S := prS ◦ ∇|S .
Moreover, the canonical bundle morphism S
F−→ S is easily shown to be an
isomorphism such that ∇S = F ∗∇S , i.e., Hol(S,∇S) = G.
Definition 2.1. A manifold Xn is totally twisted if there is no homeomor-
phism X → R× Y or X → S1 × Y where Y is of dimension n− 1.
In the next section we will construct totally twisted Lorentzian manifolds
whose (full) holonomy representation is indecomposable and reducible such
that Hol0(X, g) is of type 1 or 2. In the non-compact case the first Betti
number for these manifolds will be zero.
2.2. Local properties.
If Hol0(X, g) is indecomposable and reducible we have a locally defined
recurrent lightlike vector field V around p ∈ X. It is shown in [Wal50] that
we can find local coordinates (x, y1, . . . , yn, z) in U ∋ p such that
g = 2dxdz + uidy
idz + fdz2 + gαβdy
αdyβ
and ∂
∂x
∈ Ξ on U where ui, f ∈ C∞(U) and ∂ui∂x =
gαβ
∂x
= 0. Local coordinates
of this form will be called Walker coordinates.
Proposition 2.2. Let (X, g) be a Lorentzian manifold such that hollocp (X, g)
indecomposable and reducible for all p ∈ X. Then
(1) Hol(X, g) is indecomposable and reducible.
(2) Ξ admits a global nowhere vanishing section if and only if (X, g) is
time-orientable.
(3) Hol0(X, g) is of type 2 or 4 if and only if there is a hollocp (X, g)-
invariant non-zero vector for all p ∈ X.
Proof. Since hollocp (X, g) = holp(Uα, g|Uα) for some neighborhood Uα ∋ p we
have ΞUα |Uα∩Uβ = ΞUβ |Uα∩Uβ , i.e., there is a Hol(X, g)-invariant isotropic
distribution on X.
If (X, g) is time-orientable we may locally choose future pointing sections
Vα ∈ Γ(Uα,Ξ) and use a partition of unity. Conversely, if Ξ admits a global
nowhere vanishing section V , so does Θ. If Z ∈ Γ(X,Θ) denotes this section
then 1√
2
(V − Z) is a timelike unit vector field.
For the last statement assume ∇·V Uα = 0 for some local sections V Uα ∈
Γ(Uα,Ξ). If V ∈ Γ(X,Ξ) is nowhere vanishing then V |Uα = λUαV Uα and
∇·V |Uα = d(log(λUα))(·)λUαV Uα = d(log(λUα))(·)V |Uα .
By construction d(log(λUα)) = d(log(λUβ )) on Uα ∩ Uβ, i.e., ∇·V = α(·)V
for some closed 1-form α. ⊔
2The relation of the curvatures of ∇Ξ and ∇S to the holonomy of (X, g) has been
studied in [Bez05].
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However, the existence of a covering of X by indecomposable Walker
coordinates does not imply reducibility ofHol0(X, g).3 For any given Walker
coordinates an integrable realization of the screen bundle is given by S :=
span{ ∂
∂yα
}. In this case Ξ = span{ ∂
∂x
} and Θ := span{Z} with Z :=
1
2(g
αβuαuβ − f) ∂∂x − gαβuα ∂∂yβ + ∂∂z . In particular, the parallel transport
equations immediately imply Hol(Mxz,∇Mxz) ⊂ Hol(S,∇S) where Mxz is
the Riemannian submanifold given by the ∂
∂yα
-coordinates.4
3. The total space of an S1-bundle as a Lorentzian manifold
First, we will construct a Lorentzian metric on the total space of an
S1-bundle over a base manifold admitting a nowhere vanishing closed 1-
form. Under this metric the vertical vector field on the total space becomes
recurrent. Then we will give conditions under which the restricted holonomy
representation becomes indecomposable. The idea is based on the following
well known observation: The exact sequence of sheaves
0 −→ Z −→ C∞M
exp−→ C∞M ∗ −→ 0
provides the isomorphism
c1 : {iso. classes of complex line bundles on M} → H2(M,Z).
As usual we write [ ψ2π ] ∈ H2(M,Z) if ψ is a closed 2-form and [ ψ2π ] ∈
Im(H2(M,Z)→ H2dR(M,R)). We state the main construction method:
Proposition 3.1. Let (M,g) be a Riemannian manifold and η a nowhere
vanishing closed 1-form on M . Let ψ be a 2-form on M with [ ψ2π ] ∈
H2(M,Z). Then there exists an S1-bundle π : X −→M satisfying c1(X →
M) = [ ψ2π ] and
(1) There is a global non-vanishing 1-form θ on X such that
g˜f := 2θπ
∗η + f · π∗η2 + π∗g
defines a Lorentzian metric on X for any f ∈ C∞(X).
(2) Given p ∈ X and a local 1-form φ with ψ = dφ there are local
coordinates (x, y1, . . . , yn, z) around p such that
g˜f = 2dxdz + (ui + 2gi(n+1))dy
idz + (f +
un+1
2
+ g(n+1),(n+1))dz
2 + gijdy
idyj
where 2φ = uidy
i + un+1dz.
(3) The U(1)-action of X →M acts by isometries on (X, g˜f ) if f is constant
on the fibers.
(4) The vertical vector field is a global lightlike vector field which is parallel if
and only if f is constant on the fibers.
3A counterexample can be constructed as follows: Let f1, f2 ∈ C
∞(R) such that
f1|]−∞,−1] = f2|[1,∞[ = 1 and f1|[− 1
2
,∞[ = f2|]−∞, 1
2
] = 0. On R
3 we define g =
2dxdz + y2f1(z)dz
2 + y2f2(z)dx
2 + dy2. Then Hol0(R3, g) = SO0(1, 2).
4Note however, that all indecomposable Lorentzian holonomies have been realized in
[Gal06] by Walker coordinates for which Hol(Mxz,∇
Mxz ) = 0.
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Proof. Consider the smooth complex line bundle L→M given by c−11 (−[ ψ2π ])
and some Hermitian metric h on L. The curvature endomorphism of the
Chern connection ∇Ch of (L, h) is given by the closed imaginary (1, 1)-form
iFh. Moreover, [iFh] = −2πic1(L). Hence, Fh − ψ = df is exact and
∇L := ∇Ch − if is another Hermitian connection on L with respect to h and
its curvature endomorphism is given by iψ.
The metric h provides a U(1)-reduction of the GL(1,C)-bundle (L, h).
Since ∇L is Hermitian it reduces as well. In this way, we derive an S1-
bundle X := {v ∈ L : h(v, v) = 1} →M together with the U(1)-connection
∇L.
Consider the 1-form η on M . By Frobenius’ theorem we can find for all
x ∈ M local coordinates (y1, . . . , yn, z) on some neighborhood U ∋ x such
that η = dz. Moreover, we may assume that X → M is trivial over U and
ψ = dφU . Consider a unit length section sU : U → L such that5
∇LsU = iφU ⊗ sU .
Using the section sU we may define local coordinates (x
0, . . . , xn+1) :=
(x, y1, . . . , yn, z) given by eixsU (y1, . . . , yn, z).
We have to construct the 1-form θ from the statement. For this we con-
sider another coordinate neighborhood V ⊂ M . Assume we have a 1-form
φV on V such that dφV = ψ and a local unit length section sV : V → L
such that ∇LsV = iφV ⊗ sV . If U ∩V 6= ∅ we have sV = eigUV sU . Therefore
∇LsV = ∇L(eigUV sU ) = idgUV ⊗ sV + iφU ⊗ sV = i(dgUV + φU )sV
and we conclude dgUV = φV − φU . Given the local coordinates defined by
sU and sV we observe
eixU sU = e
i(xV +c)sV = e
i(xV +gUV +c)sU ,
i.e., dxU − dxV = dgUV = φV − φU . From this equation we conclude that
dxU + φU glues to a global non-vanishing 1-form θ on X. Moreover, dθ =
π∗ψ, i.e., the pullback of ψ is an exact form on X.
We have to show that g˜f := 2θπ
∗η+ f ·π∗η2+π∗g is a Lorentzian metric.
This can be checked in the given local coordinate expression
g˜f =


0 0 · · · 0 1
0 g11 · · · g1n g1(n+1) + u1
...
...
. . .
...
...
0 gn1 · · · gnn gn(n+1) + un
1 g(n+1)1 + u1 . . . g(n+1)n + un f + un+1 + g(n+1)(n+1)


and we conclude det(g˜ij) < 0 since (gij)1≤i,j≤n is the Riemannian metric g
restricted to the submanifold {(y1, . . . , yn, const.)}.
If f ∈ C∞(X) is constant on the fibers the U(1)-action of the bundle
leaves g˜f invariant since θ is the connection 1-form of ∇L and all other
terms in g˜f are pullbacks.
5We can find such a section without any restriction: If t : U → L is any unit length
section we have ∇Lt = iα⊗ t for some 1-form α. Hence, α−φU = df and sU := e
−if t has
the connection form iφU .
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By definition of g˜f the vertical vector field is lightlike. Using the local
coordinate expression for g˜f we compute
Γk0i =
1
2
δi(n+1)δk0
∂f
∂x0
i, k ∈ {0, . . . , n+ 1}.
Therefore, the vertical vector field is parallel if and only if f is constant on
the fibers. ⊔
Up to diffeomorphism X depends only on the choice of the class [ ψ2π ] ∈
H2(M,Z). However, the Lorentzian metric gf depends on the particular
representative ψ ∈ [ψ] ∈ H2(M,R). This will be important in the following
sections.
Proposition 3.2. Assume (X, g˜f )→ (M,g) is constructed as in Proposition
3.1 such that (X, g˜f ) is indecomposable. Then (X, g˜f ) is of type 1 if and only
if ∂f
∂x
|p 6= 0 for some p ∈ X. In particular, (X, g˜f ) is not of type 3.
Proof. Consider the vertical line subbundle Ξ of TX spanned by ∂
∂x
and its
induced connection ∇Ξ. Write R∇Ξ for the curvature of ∇Ξ. Given the local
coordinates (x0, x1, . . . , xn, xn+1) := (x, y1, . . . , yn, z) from Proposition 3.1
we know
g˜f = 2dxdz + u˜idy
idz + f˜ · dz2 + gijdyidyj .
Using Γk0i =
1
2δi(n+1)δk0
∂f˜
∂x0
a short computation shows
R∇
Ξ
(
∂
∂xi
,
∂
∂xj
)
∂
∂x0
=
1
2
(δj(n+1)
∂2f˜
∂xi∂x0
− δi(n+1)
∂2f˜
∂xj∂x0
)
∂
∂x0
.
It is shown in [Bez05] that hol(X, g˜f ) is of type 2 or 4 if and only if R
∇Ξ = 0.
Using the formula for R∇Ξ we conclude that (X, g˜f ) is not of type 1 or type
3 if ∂f˜
∂x
= 0. Assume 0 = R∇
Ξ
( ∂
∂x0
, ∂
∂xn+1
) ∂
∂x
= 12
∂2f˜
∂(x0)2 . If f˜ is restricted to
a fiber S1 then we conclude that f˜ is constant on the fiber, i.e., ∂f˜
∂x0
= 0.
In particular, R∇
Ξ
= 0 if and only if ∂f˜
∂x0
= 0. Hence, (X, g˜f ) is of type
1 or 3 if and only if ∂f
∂x
|p 6= 0 for some p ∈ X. For the last statement
we assume (X, g˜f ) is of type 3. In our case [Bez05][Prop. 6.2.1] implies
R∇Ξ( ∂
∂x0
, ∂
∂xn+1
) = 0 and therefore R∇Ξ = 0. This is a contradiction. ⊔
Definition 3.3. If (X, g˜f ) is constructed as in Prop. 3.1 we say f ∈ C∞(X)
is sufficiently generic if hol(X, g˜f ) is indecomposable and not of type 4.
It is not difficult to construct sufficiently generic functions for Walker co-
ordinates. Using a partition of unity we derive sufficiently generic functions
on X.
Example 3.4. Let M := R3 \ {(0, 0,−1), (0, 0,+1)} and let 0 6= [ ψ2π ] ∈
H2(M,Z). Define η := ∂
∂z
on M and construct (X, g˜f ) as in Prop. 3.1 with
f ∈ C∞(X) sufficiently generic. Then X is totally twisted with b1(X) = 0
and hol(X, g˜f ) is of type 2 if
∂f
∂x
≡ 0 and otherwise of type 1.
Proof. From the long exact sequence of homotopy groups for the fibration
X →M we conclude that π1(X) is a finite torsion group. Moreover, Gysin’s
sequence implies H3(X,R) = R2. Using the Ku¨nneth formula we derive a
contradiction unless X is totally twisted. ⊔
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If M = N × L with dimL = 1 and N not necessarily compact we may
define η = ∂
∂xL
and consider [ ψ2π ] ∈ H2(N,Z). In this case X = X˜ × L
where X˜ is the total space of the bundle corresponding to [ ψ2π ]. Let g be a
Riemannian metric on N . Then we consider the Lorentzian metric
g˜f := 2θdz + f · dz2 + π∗g
for some function f ∈ C∞(X), where z is the coordinate on L. In this
situation we say (X, g˜f ) is of toric type
6.
Proposition 3.5. Let (X, g˜f ) be of toric type and π : X˜ → M the corre-
sponding S1-bundle. Then:
• The horizontal distribution in TX is isomorphic to the screen bundle,
• Hol(M,g) ⊂ G,
• hollocπ(p)(M,g) ⊂ holloc(p,q)(S,∇S).
Proof.
(1) We have X = X˜ × L with dimL = 1. If ∂
∂z
is the global coordinate
field on L and V the vertical vector field of X˜ the screen bundle
may be identified with S = span{V,Z := −12fV + ∂∂z}⊥. Since
g˜f = 2dxdz + uidy
idz + gijdy
idyj + fdz2 we observe
g˜f (V,
∂
∂yi
− ui ∂
∂x
) = g˜f (Z,
∂
∂yi
− ui ∂
∂x
) = 0,
i.e., Yi :=
∂
∂yi
− ui ∂∂x ∈ S. However, a simple computation shows
that the horizontal space of X˜ is spanned by {Yi}.
(2) Fix (p, q) ∈ X and let x := π(p). To each a ∈ Holx(M,g) we
construct a loop γ˜ : I → X on which parallel displacement induces
a ∈ G. More precisely, let γ : [0, 1]→M be a loop with γ(0) = x and
let δ˜ : [0, 1] → X˜ with δ˜(0) = p be its horizontal lift with u := δ˜(1).
If u 6= p let β˜ be the integral curve of the vertical field in the fiber
π−1(x) connecting u and p. We define
γ˜ :=
{
(δ˜ ∗ β˜, q) if u 6= p,
(δ˜, q) otherwise.
Let v ∈ TxM and let vt be its parallel displacement along γ. Write
v˜t for the horizontal lift of vt. First, we consider the parallel dis-
placement wt of v˜0 along δ = (δ˜, q) : I → X. We show v˜t = prS(wt).
Clearly, the set J ⊂ I on which this equation holds is non-empty
and closed. In order to show that J ⊂ I is open we may use local
coordinates. For 1 ≤ α, β, k ≤ n we have w(n+1)t = δ˙(n+1)t = Γk·0 = 0
and
0 = w˙kt + Γ
k
ij δ˙
i
tw
j
t = w˙
k
t + Γ
k
αβ γ˙
α
t w
β
t = w˙
k
t + Γ˜
k
αβ γ˙
α
t w
β
t ,
where Γ˜kαβ are the Christoffel symbols of (M,g). This shows w
k
t = v
k
t ,
i.e., prS(wt) = v˜t.
6If M = N × S1 then X is a torus bundle over N where one direction in the fibers is
trivial.
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Assume u 6= p and consider the parallel displacement of a vector
v˜ ∈ Ξ⊥u along β = (β˜, q). Again we can work in a local coordinate
chart and conclude v˜kt = const.
(3) Using the same arguments as above the last statement follows.
⊔
4. Examples and Hermitian screen bundles
Example 4.1. Let (M,g) be a Riemannian manifold such that hol(M,g) =
so(n). If (X, g˜f ) is of toric type over (M,g) and if f ∈ C∞(X) is sufficiently
generic then
hol(X, g˜f ) =
{
so(n)⋉Rn if ∂f
∂x
≡ 0,
(R⊕ so(n))⋉Rn otherwise.
⊔
In order to construct other examples we compute the curvature of (S,∇S)
in case that (X, g˜f ) is of toric type.
∇∂iYj = (Γkij − ujΓk0i)
∂
∂xk
− ∂uj
∂xi
∂
∂x
implies ∇∂0Yj = −∂uj∂x ∂∂x = 0 and for α ∈ {1, . . . , n} we have ∇SYiYj =
prS(∇ ∂
∂yi
Yj) = Γ
α
ijYα. Therefore, R
∇S(Yi, Yj)Yk = prS(R(∂i, ∂j)∂k) =
prS(R(M,g)(∂i, ∂j)∂k). Moreover, R
∇S (∂0, Yi)Yj = R∇
S
(∂0, Z)Yk = 0.
Any almost complex structure J on M induces an almost complex struc-
ture J˜ on S since J can be lifted to the horizontal bundle. The same way
we can lift other tensors to the screen bundle and conclude
Lemma 4.2. Let (M,g) be a Riemannian manifold and [ ψ2π ] ∈ H2(M,Z).
Let (X = X˜ × L, gf ) be of toric type where X˜ →M is the S1-bundle corre-
sponding to [ ψ2π ] and f ∈ C∞(X) is sufficiently generic.
(1) Hol0(S,∇S) = 0⇔ (M,g) is flat and ∇(M,g)ψ = 0.
(2) If (M,J, g) is Ka¨hler then ∇S J˜ = 0⇔ ψ ∈ Λ1,1(M,J).
(3) If (M,J, g) is Ka¨hler with a parallel holomorphic volume form Ω then
∇SΩ˜ = 0⇔ ψ ∈ Λ1,1(M,J) is a primitive form.7
(4) If (M,J1, J2, J3, g) is hyperka¨hler then ∇S J˜1 = ∇S J˜2 = ∇SJ˜3 =
0⇔ ψ ∈ Λ1,1(M,J1) ∩ Λ1,1(M,J2).
(5) If (M,φ, g) is a G2-manifold then ∇Sφ˜ = 0⇔ BI(C24(ψ ⊗ φ)) = 0,
where C24 is the metric contraction over the second and the fourth
slot and BI is the Bianchi projector.
(6) If (M,Ω, g) is a Spin(7)-manifold then ∇SΩ˜ = 0 ⇔ AB(C24(ψ ⊗
Ω)) = 0, where AB is the alternating cyclic sum.
Proof.
7Remember, a 2-form ψ on (M,J, g) is primitive if Λψ =
∑dimC(M,J)
i=1 ψ(ei, Jei) = 0
where Λ is the dual Lefschetz operator.
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(1) By Proposition 3.5 Hol0(S,∇S) = 0 implies that (M,g) is flat.
Moreover, using local coordinates on (M,g) such that Γγαβ = 0 we
have
R∇
S
(Yi, Z)Yk =
∑
α
∇SYi(ψ(∂k, ∂α)Yα) =
∑
α
(Yi(ψ(∂k, ∂α)))Yα
=
∑
α
((∇∂iψ)(∂k, ∂α))Yα,
i.e. R∇
S
= 0⇔ R(M,g) = 0 and ∇ψ = 0.
(2) If (M,J, g) is Ka¨hler let (y1, . . . , y2m) are local coordinates on M
such that ∂2k = J(∂2k−1) and Yj the horizontal lift of ∂j . Since
∇(M,g)J = 0 the only non-vanishing ∇S· J˜ can be ∇SZ J˜ . However,
〈∇SZ(J˜Yj), Yℓ〉 = gkαψ(J(∂j), ∂α)〈Yk, Yℓ〉 = ψ(J(∂j), ∂ℓ)
and
〈J˜(∇SZYj), Yℓ〉 = −〈∇SZYj , J˜Yℓ〉 = −gkαψ(∂j , ∂α)〈Yk, J˜Yℓ〉
= −ψ(∂j , J∂ℓ),
i.e., ∇SZ J˜ = 0⇔ ψ(J∂j , ∂ℓ) + ψ(∂j , J∂ℓ) = 0.
(3) We have to compute∇ZΩ˜. For 1 ≤ k ≤ m define Zk := 12(Yk−iJ˜Yk).
A short computation shows
(∇ZΩ˜)(Z1, . . . , Zm) =
√−1(Λψ)Ω˜(Z1, . . . , Zm),
i.e., ∇SΩ˜ = 0⇔ Λψ = 0.
(4) This follows from the second statement.
(5) If (M,φ, g) is a G2-manifold with a parallel positive 3-form φ then
(∇SZ φ˜)(Yα, Yβ , Yγ) = C24(ψ ⊗ φ)(∂α, ∂β , ∂γ)
+ C24(ψ ⊗ φ)(∂β , ∂γ , ∂α)
+ C24(ψ ⊗ φ)(∂γ , ∂α, ∂β)
= BI(C24(ψ ⊗ φ))(∂α, ∂β, ∂γ).
(6) If (M,Ω, g) is a Spin(7)-manifold with a parallel admissible 4-form
Ω then
(∇SZΩ˜)(Yα, Yβ , Yγ , Yδ) = C24(ψ ⊗ Ω)(∂α, ∂β , ∂γ , ∂δ)
− C24(ψ ⊗ Ω)(∂β , ∂γ , ∂δ , ∂α)
+ C24(ψ ⊗ Ω)(∂γ , ∂δ , ∂α, ∂β)
− C24(ψ ⊗ Ω)(∂δ , ∂α, ∂β , ∂γ)
= AB(C24(ψ ⊗ Ω))(∂α, ∂β, ∂γ , ∂δ).
⊔
The lemma above provides sufficient conditions for a toric type Lorentzian
manifold to have specified screen holonomy. For any complex manifold X
we write
H1,1(X,Z) := Im(H2(X,Z)→ H2(X,C)) ∩H1,1(X),
H1,1(X,Q) := Im(H2(X,Q)→ H2(X,C)) ∩H1,1(X).
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If X is a compact Ka¨hler manifold the Lefschetz theorem on (1, 1)-classes
implies H1,1(X,Z) = NS(X) where NS(X) is the Neron-Severi group of X
defined as the image of
Pic(X) = H1(X,O∗X ) c1−→ H2(X,Z) Z⊂C−→ H2(X,C).
By Lemma 4.2 we have Hol(S,∇S) ⊂ U(n) if ψ ∈ Λ1,1(M,J). By definition
[ψ] ∈ H2(M,Z). Therefore Hol(S,∇S) ⊂ U(n) if [ψ] ∈ NS(M,J). It is
not difficult to construct examples over CPn. In the non-symmetric case we
may apply the following
Corollary 4.3. Let (M2n, J) be a compact simply-connected irreducible
Ka¨hler manifold with c1(M,J) < 0 and
8 g its Einstein-Ka¨hler metric. Let
α ∈ H2(M,Z) be a Hodge class, e.g., −c1(M,J). If (X = X˜ × L, g˜f ) is of
toric type over (M,J, g) where X˜ →M is constructed using a representative
of α and if f ∈ C∞ is sufficiently generic then
hol(X, g˜f ) =
{
u(n)⋉R2n if ∂f
∂x
≡ 0,
(R⊕ u(n))⋉R2n otherwise.
Proof. By Aubin-Yau theorem we have an Einstein-Ka¨hler metric which is
unique up to homothety and −c1(M,J) is a Hodge class. Since (M,J, g)
is compact and simply connected with negative Einstein constant it is not
symmetric and w.l.o.g. we have hol(M,J, g) = u(n). Hence, the statement
follows from Proposition 3.5. ⊔
Next, we construct Lorentzian manifolds such that Hol(S,∇S) = SU(n).
In the following we say (M,J, g) is a Calabi-Yau manifold if M is a compact
Ka¨hler manifold with Hol(M,J, g) = SU(n). Since (M,J, g) is compact
Ka¨hler the Laplace operator commutes with the dual Lefschetz operator Λ
and we can define the primitive cohomology group
H
1,1
prim(M,J) := Ker(Λ : H
1,1(M,J) −→ C).
Moreover, the Lefschetz decomposition implies
H1,1((M,J),R) = R[ω]⊕H1,1prim((M,J),R).
Let Ωˇ = h · Ω˜ for some nowhere-vanishing function h ∈ C∞(X). We say
(J˜ , Ωˇ) defines an SU(n)-structure on (S,∇S) if ∇S· J˜ = ∇S· Ωˇ = 0. Clearly,
this implies Hol(S,∇S) ⊂ SU(n).
Corollary 4.4. Let (M,J, g) be a Calabi-Yau manifold. Let (X = X˜ ×
L, g˜f ) be of toric type over (M,J, g) where X˜ → M is constructed using a
representative α of some [α] ∈ NS(M,J) and f ∈ C∞(X) is sufficiently
generic. Suppose Λ[α] ∈ Z or L = R. Then (J˜ , e−
√−1(Λα)zΩ˜) defines an
SU(n)-structure on (S,∇S) if and only if α is the harmonic representative
of [α]. In this case we have
hol(X, g˜f ) =
{
su(n)⋉R2n if ∂f
∂x
≡ 0,
(R⊕ su(n))⋉R2n otherwise.
8 Explicit examples can be found in [Yau77]
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Proof. If [α] ∈ NS(M,J) and α ∈ [α] then Λ[α] = const. by the Lefschetz
decomposition and ∇SZ(e−
√−1(Λα)zΩ˜) = 0 by Lemma 4.2 where z is the
coordinate on L. Moreover, for the harmonic representative of [α] we have
∇S· (e−
√−1(Λα)zΩ˜) = 0. The converse is implied by the ∂∂¯-lemma and the
Ka¨hler identities. ⊔
Remark 4.5.
(1) Let (M,J, g) be a Calabi-Yau n-fold such that n ≥ 3. In this case
[Bea83][Prop. 2b] implies h2,0 = h0,2 = 0. Assume that [ω] ∈
H2(M,Q) is its Ka¨hler class. Then dimQH
1,1
prim((M,J),Q) = b2 −
1 (see [Wei58]), i.e., rk(H1,1prim((M,J),Z)) = b2 − 1. Moreover, if
(X, g˜f ) is as above and α ∈ [α] ∈ H1,1prim((M,J),Z) is harmonic then
(J˜ , Ω˜) defines an SU(n)-structure on (S,∇S).
(2) If (M,J, g) is an exceptional K3-surface9 we can choose a basis
(b1, b2, [ω], c1, . . . , c19) of H
2(M,Q) such that
spanC{b1, b2} = H2,0(M,J)⊕H0,2(M,J).
Using the intersection form and the Gram-Schmidt algorithm we de-
rive a basis c˜1, . . . , c˜19 ofH
1,1
prim((M,J),Q),i.e., rkH
1,1
prim((M,J),Z) =
19. Hence, the same remark applies for any harmonic α ∈ [α] ∈
H
1,1
prim((M,J),Z).
(3) Since su(2) = sp(1) Corollary 4.4 gives examples with symplectic
screen holonomy. ⊔
Finally, we construct Lorentzian manifolds such thatHol(S,∇S) = Sp(n).
In the following a simply connected, compact Ka¨hler manifold X with
H2,0(X) = C[σ] where σ is everywhere non-degenerate is called holomor-
phic symplectic. We write ρ(X) for the Picard number of a Ka¨hler manifold
X.
Theorem 4.6 (K. Oguiso [Ogu03]). Let X be a holomorphic symplectic
manifold with b2 = N + 2. Then, for each integer 0 ≤ k ≤ N there exists
a holomorphic symplectic manifold X ′ such that X and X ′ are deformation
equivalent and ρ(X ′) = k. ⊔
Using Oguiso’s theorem we can find a holomorphic symplectic structure
with maximal Picard number on the differentiable manifold underlying any
holomorphic symplectic manifold.
Corollary 4.7. Let (M4n, J) be a holomorphic symplectic manifold with
b2 ≥ 4 and ρ(M,J) = b2 − 2. Then, there exists an irreducible hyperka¨hler
structure (M,J, J2, J3, g) with Ka¨hler class [ω] ∈ H2(M,Q) and 0 6= [ψ] ∈
H1,1(M,J)∩H1,1(M,J2)∩H2(M,Z) on M . Moreover, if (X = X˜×L, g˜f ) is
of toric type over (M,J, g) where X˜ →M is constructed using the harmonic
representative of [ψ] and f ∈ C∞(X) is sufficiently generic then
hol(X, g˜f ) =
{
sp(n)⋉R4n if ∂f
∂x
≡ 0,
(R⊕ sp(n))⋉R4n otherwise.
9We call a K3-surface exceptional if its Picard number is maximal.
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Proof. We can find a Ka¨hler class [ω] ∈ H2(M,Q) since ρ(M,J) is maxi-
mal and Beauville’s theorem [Bea83][Prop. 4.2] implies the existence of a
hyperka¨hler structure (M,J = J1, J2, J3, g) on M where [ω] is the Ka¨hler
class of (M,J, g). We define operators
adJi : Λ
p,q
Ji
M → Λp+qM with η 7→ (p− q)√−1η.
It is shown in [Ver95][Prop. 2.1] that the Lie algebra gM generated by
adJ1, adJ2, adJ3 is isomorphic to su(2). Moreover, its action commutes with
the Laplace operator and therefore induces an su(2)-action on the coho-
mology of M . In particular, [Ver95][Prop. 5.2] implies Hinv = H
1,1
prim(M)
where Hinv is the space of all gM invariant elements in H
2(M). Finally,
if α is the harmonic representant of some [α] ∈ H2(M) then by definition
α ∈ Λ1,1J1 M ∩ Λ
1,1
J2
M if and only if [α] ∈ Hinv. Using the Hodge-Riemann
bilinear form we derive a basis c1, . . . , cb2−3 ∈ H2(M,Q) of H1,1prim(M,J). ⊔
5. pp-waves and completeness
Now we are in the position to give examples of non-trivial spaces realizing
the holonomy algebras R ⋉ Rn and Rn. As in [AB08] we call an reducible
indecomposable Lorentzian manifold (X, g˜) a pr-wave if hol(X, g˜) = R⋉Rn
and a pp-wave if hol(X, g˜) = Rn. Lemma 4.2 implies
Example 5.1. Let T n = S1× . . .×S1 be the n-dimensional torus and g the
standard flat Riemannian metric on T n. The standard coordinates induce a
global trivialization ( ∂
∂y1
, . . . , ∂
∂yn
) of TT n and dy1 ∧ dy2 is the volume form
of T 2 →֒ T n. On T n we choose the S1-bundle X˜ → T n defined by cdy1∧dy2.
If (X = X˜ × L, g˜f ) is of toric type and f ∈ C∞(X) is sufficiently generic
then
hol(X, g˜f ) =
{
Rn if ∂f
∂x
≡ 0,
R⋉ Rn otherwise.
⊔
The only possible reducible indecomposable holonomy algebras in dimen-
sion 3 are R and R⋉ R. We conclude
Example 5.2. Let T 2 be the flat torus with standard coordinates (y1, y2).
Define X → T 2 using the volume form and Proposition 3.1 with η = dy2. If
f ∈ C∞(X) is sufficiently generic then
hol(X, g˜f ) =
{
R if ∂f
∂x
≡ 0,
R⋉ R otherwise.
In particular, X is totally twisted.
Proof. IfX = S1×Y then Gysin’s sequence implies b2(X) = b2(Y )+b1(Y ) =
2 and b1(X) = 1 + b1(Y ) = 2, i.e., χ(Y ) = 1 and b2(Y ) = 1. Finally, the
classification of closed surfaces implies a contradiction. ⊔
Corollary 5.3. Let T n+1 be the flat torus with ψ := dy1 ∧ dz and η := dz
where (y1, . . . , yn, z) are the standard coordinates. If (X, g˜f ) is constructed
as in Proposition 3.1 with f ∈ C∞(T n+1) sufficiently generic then (X, g˜f )
is a complete compact pp-wave.
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Proof. We have to show that the geodesics are defined for all t ∈ R. Our
approach is motivated by [CFS03]. Let Fn+1 : R
n+1 → T n+1 be the universal
covering map and consider the diagram
(R× Rn+1, (F ∗n+1 ◦ F1 × id)∗g˜f )
F1×id

(S1 ×Rn+1, F ∗n+1g˜f )
pr
Rn+1

F ∗n+1
// (X, g˜f )
π

Rn+1
Fn+1
// T n+1
We write g := (F ∗n+1 ◦ F1 × id)∗g˜f . Then
g = 2dxdz + (y1 + f + 1)dz2 +
n∑
i=1
(dyi)2.
Let γ(t) = (x(t), yi(t), z(t)) be a curve on Rn+2 of constant energy Eγ :=
g(γ˙, γ˙). We compute
0 = z¨ + Γn+1ij x˙
ix˙j = z¨,
0 = y¨i + Γijkx˙
j x˙k = y¨i +− z˙
2
2
(
∂f
∂yi
+ δi1),
0 = x¨+ Γ0ijx˙
ix˙j = x¨− 1
2
∂f
∂z
z˙2 +
n∑
i=1
∂f
∂yi
z˙y˙i.
Hence z˙ =: A is constant. Let γ2 be the projection of γ to R
n ⊂ Rn+2 given
by the (yi) coordinates. Then
(5.1)
∇〈·,·〉
dt
γ˙2 =
A2
2
(grad〈·,·〉f +
∂
∂y1
) on (Rn, 〈·, ·〉).
Assume γ2 is defined for all t ∈ R. Since Eγ = 2x˙z˙+(y1+f+1)z˙2+
∑
i=1 (y˙
i)2
we conclude x(t) = x˙(0)t+ x0 if A = 0 and
x(t) = x0 +
1
2A
∫ t
0
Eγ − g(γ˙2, γ˙2)−A2(f(γ2(s)) + 1 + y1(s))ds
otherwise. In order to show the existence of γ2 for all t ∈ R we define
α(t) := (γ2, γ˙2) and
F (x1, . . . , x2n) := (xn, . . . , x2n,
A2
2
(∂1f + 1),
A2
2
∂2f, . . . ,
A2
2
∂nf).
Then (5.1) is equivalent to α˙ = F (α). Let C := supTn+1 |f |+ supTn+1 |∇f |.
If α is not defined for all t ∈ R then it must leave any compact set. However,
α(t) = α(t0)+
∫ t
t0
F (α(s))ds and Gronwall’s lemma imply that α is bounded
on any [t0, t1) since
‖F (x)‖2 ≤
n∑
j=1
(xj+n)
2 +
A4
4
(C2 + 2C + 1) ≤ ‖x‖2 + A
4
4
(C2 + 2C + 1).
Hence, γ2 is defined for all t ∈ R. ⊔
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